Self-propulsion of cellular microswimmers generates flow signatures, commonly classified as pusher-and puller-type, which characterize hydrodynamic interactions with other cells or boundaries. Using experimentally measured beat patterns, we compute that flagellated alga and sperm oscillate between pusher and puller. Beyond a typical distance of 100 µm from the swimmer, inertia attenuates oscillatory micro-flows. We show that hydrodynamic interactions between swimmers oscillate in time and are of similar magnitude as stochastic swimming fluctuations.
For a single cell swimming in a fluid, inertia is negligible [1, 2] . Cellular swimmers exploit propulsion strategies independent of inertia that allow for net propulsion by viscous forces [3] . Periodic, non-reciprocal body shape changes [4] [5] [6] [7] conquer the time-reversibility of the Stokes equation, which governs fluid flow in the inertia-less limit of zero Reynolds number. For example, traveling bending waves of long slender cell appendages termed flagella propel many eukaryotic cells, including sperm or swimming alga [8] . Self-propulsion by such periodic shape changes implies that net motion is a second-order-effect, superimposed to an oscillatory motion, first-order in the amplitude of the swimming stroke [9, 10] .
The flow fields generated by microswimmers are commonly classified as pusher-or pullertype, depending on the direction of fluid flow along the axis of net swimming [11] [12] [13] :
inward flow towards the swimmer characterizes a puller, while outward flow characterizes a pusher, see Fig. 1(b) . This characterization allows a simple assessment of the interaction of microswimmers with boundary surfaces or inter-swimmer interactions. For example, it was suggested that pushers become hydrodynamically attracted to boundary surfaces by an inward flow perpendicular to the axis of net swimming [1] . Swimmer type further determines active rheological responses such as shear thinning in dense suspensions of microswimmers [14, 15] .
Here, we compute time-varying flow fields induced by flagellated swimmers, using experimentally measured beat patterns [16, 17] . We show that flagellated microswimmers periodically oscillate between pusher-and puller-type swimming, which implies more complex, dynamic interactions with boundaries and other swimmers. Further, we discuss how inertial effects, usually neglected in microswimming problems, attenuate oscillatory micro-flows at a distance δ ∼ 100 µm from the swimmer. For that aim, we present a novel approximation scheme to account for inertial effects in microswimming. From our analysis, we find that not only do flow fields oscillate, but also the rate of hydrodynamic dissipation associated with flagellar swimming. This simple fact has important consequences [18] . It implies that flagellar beat patterns are not optimized to minimize hydrodynamic dissipation as sole optimization criterion, as considered previously [19] [20] [21] .
a. Time-dependent micro-flows. Swimming by periodic body shape changes results in time-varying flow fields, which have been measured experimentally for a flagellated model swimmer, the bi-flagellated green alga Chlamydomonas [22] . Using experimentally measured beat patterns [16] , we computed time-dependent flow fields, first for the limit of zero Reynolds number, see Figure 1(a,b) . Specifically, we used a fast boundary element method [23] to determine the surface density of forces f (r, t) exerted by the time-dependent surface S(t) of the swimmer. The dynamics of S(t) is a superposition of an imposed shape change of the two flagella, and a rigid body motion of the whole swimmer, which is solved self-consistently to ensure force and torque balance of the whole cell.
In the limit of zero Reynolds number, the fluid flow field v(r, t) is obtained by propagating f (r, t) with the Green's function G of viscous flow,
, is known as the Oseen tensor, η is fluid viscosity, and r = |r|, r = r/r. Next, we show how this flow field can be decomposed into fundamental singularities with an oscillating force dipole characterizing the far field.
b. Hydrodynamic multipole expansion. The force density f j (r) can be decomposed into
, similar to the decomposition of a charge distribution into charge multipoles. Here, J = (j 1 , . . . , j k ) denotes a multi-index and we use standard multi-index notation. The force density is formally recovered from its
. We can thus represent the flow field as a superposition of fundamental singularities
These singularities are traditionally known as Stokeslet (|J| = 1), Stokes doublet (|J| = 2) [24] . Note that a self-propelled swimmer, being free from external forces and torques, does not exert any net force or torque on the surrounding fluid. Thus, the force monopole F j vanishes, and the force dipole matrix F j,k is symmetric. This force dipole represents the leading order singularity, which characterizes the far field of fluid flow, decaying as r
with distance r from the swimmer. For an incompressible fluid, the trace of F j,k does not contribute to the flow field, but describes a localized pressure. Without loss of generality, we assume that F j,k is traceless.
The force multipoles change in time, as the microswimmer changes shape and position.
The leading order singularity F j,k oscillates with the beat frequency ω [37] .
We find that higher order multipoles dominate the near field on length-scales comparable to the size of the swimmer, while the dipole contribution faithfully reproduces the far field at distances of 10 − 100 µm, see Fig. 1 (a-c). At even larger distances, inertial effects cannot be neglected anymore, as we discuss next. This argument further shows that convective acceleration can be neglected throughout the fluid. Hence, the linearized Navier-Stokes equation applies
The flow induced by an oscillating force had been studied by Stokes more than a century ago [26, 27] . In modern language, an oscillating force monopole f j exp(−iωt) induces an
where
For a Fourier transform, see [28] . The near field with r δ, reproduces the Oseen tensor 
In the limit δ L, we can estimate the oscillating force dipole F j,k exerted by the microswimmer using the limit of zero Reynolds number as employed above. The far field according to Eq. (2), including inertial effects due to unsteady acceleration, is then obtained as a superposition of oscilet derivatives,
where Figure 1(d,e) show resultant flow fields for Chlamdyomonas, exemplifying the effect of inertial screening.
d. Oscillating between pusher and puller. We introduce a coordinate system (e 1 , e 2 , e 3 ) of ortho-normal vectors, slowly co-moving with the microswimmer, such that e 1 points along the net swimming direction. With this choice of coordinates, the component F 11 of the force dipole tensor determines the flow speed along the swimming direction as v 1 = 3F 11 /(8πηr 2 )
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(in the limit of zero Reynolds number, neglecting higher multipoles). Thus, the force dipole tensor allows to discriminate pusher-type (F 11 > 0) and puller-type (F 11 < 0) swimmers.
More generally, we can write the traceless, symmetric force dipole tensor as
where f s denotes a scalar dipole strength, a dimensionless asymmetry parameter, and R a rotation matrix.
For a microswimmer with special symmetries, R can be chosen particularly simple. The idealized bacterium shown in figure 2(a) has rotational symmetry around the e 1 -axis, and we may choose R = I and = 0. We find f s > 0, confirming this swimmer as a pusher.
Next, for a swimmer with double mirror-symmetry, such as Chlamydomonas with symmetric breast-stroke beat, we can choose R=I. In this case, the sign of f s determines pusher-type (f s > 0) or puller-type (f s < 0). Remarkably, we find that the sign of f s alternates during a beat cycle, being negative during the effective stroke, but positive during the recovery stroke, see Fig. 2(b) . Further, the asymmetry parameter is found to transiently exceed unity, implying that the flow in the (e 2 , e 3 )-plane normal to the swimming direction changes sign as a function of azimuthal angle. We will use the terms 'asymmetric pusher'
and 'asymmetric puller' for a microswimmer with | | > 1. Note that a smooth transition from a pusher to a puller generally passes through an asymmetric swimmer-type if R=I.
The time-averaged force dipole exerted by Chlamydomonas corresponds to an asymmetric puller.
Finally, for a swimmer with single mirror-symmetry, say with respect to a plane with normal e 3 , we can choose R as a rotation around the e 3 axis by an angle α. This case applies to sperm cells with planar beat patterns [17] , swimming in the (e 1 , e 2 )-plane. Now, 
where R 1 = (6/5)δ. In fact, this value equals the viscous dissipation associated with a Stokeslet flow field induced by an oscillating force monopole f 0 cos(ωt) inside a spherical shell bounded by R 0 ≤ r ≤ R 1 . Similar results are found for higher multipoles. We conclude that the limit of zero Reynolds number is appropriate for computing rates of hydrodynamic dissipation in the limit L δ.
Thus, neglecting inertial effects, the instantaneous power output of the swimming cell,
, equals the rate of hydrodynamic dissipation in the bulk of the 8 fluid 2η d 3 r ∇v(r):∇v(r). Importantly, any swimming stroke that minimizes the mean power output R = dϕ R(ϕ) must satisfy R(ϕ)=const [18] . Otherwise, reparameterizing
We computed R(ϕ) for a swimming Chlamydomonas cell, see Fig. 4 . We find a pronounced phase-dependence of the rate of hydrodynamic dissipation, corresponding to a 45%
higher value for R compared to a beat with reparametrized phase. This implies that flagellar beat patterns are not optimized for minimal hydrodynamic dissipation. Interestingly, hydrodynamic dissipation is maximal during the flagellar recovery stroke, for which the distance between flagella and cell body is small, implying high local shear rates. Phasedependent rates of hydrodynamic dissipation correspond to phase-dependent active driving forces [16] , which have been proposed to facilitate hydrodynamic synchronization in flagellar pairs, e.g. in Chlamydomonas [34] .
Previously, dissipation rates had been estimated from experimentally measured flow fields [22] . These measurements represent hydrodynamic dissipation in the far field, as it is inherently difficult to resolve localized shear flows at distances of a few microns from the swimmer.
We therefore computed hydrodynamic dissipation in the far field, using a cut-off distance of 6 µm, obtaining good agreement with experiment [22] . g. Conclusion. Using experimentally measured beat patterns, we computed timedependent flow fields generated by flagellated microswimmers and found that these oscillate between pusher-and puller-type swimming. We presented a novel approximation scheme to account for inertial effects in microswimming problems, and find that fluid inertia attenuates Active swimming implies a continuous dissipation of energy into the fluid, which we estimate as 300 pN µm or 7.5 · 10 4 k B T per beat cycle for a swimming Chlamydomonas cell.
This energy equals the chemical potential of about 3 · 10 3 ATP molecules [35] , which serve as chemical fuel for the 3 · 10 4 molecular motor domains that power the flagellar beat [36] .
This implies that either only every tenth motors takes a step during each beat cycle, or that the efficiency of energy conversion is low.
Interestingly, we find that the rate of hydrodynamic dissipation varies during the beat cycle. This implies that flagellar beat patterns do not minimize hydrodynamic dissipation as sole optimization criterion. We speculate that design constraints of flagellar beat generation or internal dissipation within the flagellum might also played a role in the evolution of beat patterns.
